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In this Letter we present a simple, general prescription for coupling brane localized ﬁelds to bulk
supergravity. We illustrate the procedure by considering 6D N = 2 bulk supergravity on a 2D orbifold,
with brane ﬁelds localized at the ﬁxed points. The resulting action enjoys the full 6D N = 2 symmetries
in the bulk, and those of 4D N = 1 supergravity at the brane positions.
© 2010 Elsevier B.V. Open access under CC BY license.1. Introduction
Consider a bulk supergravity theory in higher dimensions
(D > 4), in which the extra dimensions are compactiﬁed on an
orbifold. The orbifold action has a number of ﬁxed points, and
certain ﬁelds may be localized at these points. In this way, we
can construct a 4D brane. In the following we shall use the terms
brane and ﬁxed point interchangeably.
At the ﬁxed points, part of the higher dimensional gravitational-
and super-symmetries are broken explicitly. For instance, half of
the supersymmetry generators are projected out. But the subset
of symmetries corresponding to 4D N = 1 supergravity survive.
Therefore, we can recast the bulk theory at the brane in such a
way that keeps 4D N = 1 symmetries manifest. 4D N = 1 super-
gravity is very well understood, and its general couplings to matter
was worked out in [1]. So, we can use the machinery of 4D N = 1
supergravity to couple the bulk theory at the brane to the localized
ﬁelds. The result will be a bulk plus brane action, which enjoys the
higher dimensional symmetries away from the branes; the ﬁelds
on the brane transform instead only under 4D N = 1.
We take our inspiration from [2–5] who reformulated higher di-
mensional globally supersymmetric theories in terms of 4D N = 1
superﬁelds or their components. Previous work on brane–bulk cou-
plings in local 5D models includes [6,7]. One might have believed
that an off-shell description of the bulk supergravity be necessary
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shell, the supersymmetry algebra closes only up to the equations
of motion, and so care must be taken if we introduce new terms
to the action. But we only add new interactions at the brane po-
sitions where the N = 2 supersymmetry is explicitly broken, and
there we can invoke by now text-book results of [1] on 4D N = 1
supergravity.
In detail, having recast the bulk theory at the brane into the
form of 4D N = 1 supergravity, we use the template of on-shell 4D
N = 1 supergravity with general matter couplings to write down
the couplings at the brane. These general matter couplings were
indeed ﬁrst derived via an off-shell formulation, but having estab-
lished the general on-shell Lagrangian there is no need to refer
back to the off-shell one. Therefore, contrary to standard lore, we
are able to simply use the component on-shell descriptions of both
the higher dimensional theory in the bulk and the 4D theory at the
branes to construct a general bulk–brane theory with the required
symmetries. On one hand, our method allows one to avoid the te-
dious (and possibly never-ending) on-shell Noether procedure, and
on the other hand we can apply the method to cases where no
off-shell description is available, e.g. in 10D supergravity.
We shall illustrate these ideas by coupling 4D N = 1 brane
ﬁelds to 6D N = 2 supergravity (with 8 supercharges). That is,
we also consider higher codimension branes. One such model was
constructed by [9–11], who used the Noether method to iteratively
ﬁnd appropriate brane–bulk couplings in the action and super-
1 For recent work on the off-shell continuation of the local N = 1 supergravity
into the bulk in the 6D case, see [8].
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that we can immediately introduce arbitrary 4D N = 1 brane ﬁelds
and their interactions, and moreover, it is also easy to write down
the action up to four fermion terms.
Our motivation is to provide a ﬁeld theory setup in which we
can study scenarios like Supersymmetric Large Extra Dimensions
[12], or orbifold-GUTs [13], allowing for non-trivial dynamics for
gravity, bulk and brane matter. These constructions have provided
interesting ways to approach long-standing problems in cosmol-
ogy and particle physics, and ﬁnd more fundamental descriptions
within string theory. For example, the brane ﬁelds may represent
a ﬁeld theory description of the twisted sectors that arise in string
orbifold compactiﬁcations. An intermediate 6D compactiﬁcation
[14] is particularly interesting in that context, since anisotropic
orbifolds allow an understanding of the mild hierarchy between
the GUT and Planck scales.
Bearing in mind this purpose we shall make a few assump-
tions in order to simplify our analysis and presentation. Most of
the work in our construction goes in rearranging the bulk theory
at the brane in terms of 4D N = 1 supergravity. The constraint
that odd ﬁelds, and internal derivatives of even and odd ﬁelds,
are vanishing at the brane simpliﬁes this task considerably. In this
way, we do not obtain all the possible couplings between the bulk
ﬁelds and our brane ﬁelds. We do however obtain the simplest
ones that are necessary for consistency with the symmetries, by
which (charged) brane ﬁelds must couple to the 4D metric (and
gauge ﬁelds) and their N = 1 supersymmetry partners. Moreover,
we are able to immediately couple any possible brane ﬁelds to the
bulk.
2. 6D N = 2 bulk supergravity
We take a minimal on-shell ﬁeld content in the bulk; a super-
gravity-tensor multiplet (eAM , BMN,ϕ,Ψ
i
M ,χ
i), a U (1) vector multi-
plet (AM , λi) and a charged bulk hypermultiplet (Φα, ζ a). We take
as the target quaternionic manifold of the hyperscalars the canon-
ical example Sp(1,1)Sp(1)×Sp(1)R . The action is (see Appendix A for our
conventions) [15]:
SB =
∫
d6X e
[
− 1
2κ2
R + 1
2κ2
∂Mϕ∂
Mϕ
− 1
4
eϕ FMN F
MN + 1
12
e2ϕ GMNPG
MNP
+ 1
2κ2
gαβ(Φ)DMΦ
αDMΦβ − 1
2κ4
e−ϕ v(Φ)
+ fermions
]
(1)
where the covariant derivative of the hyperscalars is:
DMΦ
α = ∂MΦα − gAMξα (2)
with ξα = (TΦ)α the Killing vectors, and T the Hermitian gener-
ator of the gauge group. The dependence of the potential on the
hyperscalars is given by:
v = P xP x (3)
with P x the so-called Killing prepotentials, and x running over the
adjoint of the composite Sp(1)R . The prepotentials depend on the
spin-connection on the target manifold, Wxα , and the Killing vec-
tors, as:
P x = gWxαξα (4)
and we give details on the target geometry in Appendix B.
The Kalb–Ramond ﬁeld strength is given by GMNP = ∂MBNP +
κ√ FMN AP + 2perms.2The fermionic supersymmetry transformations are (we shall al-
ways present up to fermion bilinears only):
δΨ iM =
√
2
κ
DM
i − 1
24
eϕGNLRΓ
NLRΓM
i,
δχ i = − i
κ
√
2
∂MϕΓ
M i − i
12
eϕGMNLΓ
MNL i,
δλi = − 1
2
√
2
eϕ/2FMNΓ
MN i −
√
2
κ2
e−ϕ/2P x
(
Tx
)i
,
δζ a = i
√
2
κ
(
DMΦ
α
)
V aiα Γ
Mi . (5)
Here, V aiα is the vielbein on the target space manifold, carrying
the tangent space indices a = 1,2 and i = 1,2, which run over the
fundamental of the composite Sp(1)’s. All spinors are symplectic-
Majorana Weyl, with the gravitino and gaugino being left-handed
and the dilatino and hyperinos being right-handed. The gravitini,
Killing spinor, gaugini, and dilatini are all in the fundamental of
Sp(1)R , whereas the gaugini and hyperini are charged under the
physical U (1). The covariant derivative acting on the Killing spinor
is given by:
DM
i = ∂M i + 1
4
ωABM ΓAB
i + (DMΦα)WxαTxij  j. (6)
We can always go to complex-Weyl spinors by deﬁning  = 1 +
i2 and so on. We record the fermionic part of the action and
bosonic supersymmetry transformations in Appendix C. Below we
set κ = 1.
Finally, let us note that as well as the gravitational- and super-
symmetries, our model has two kinds of gauge symmetries. Under
the U (1) gauge symmetry, not only do the gauge ﬁelds and hy-
permultiplets transform, but also the Kalb–Ramond ﬁeld due to
Cherns–Simons term in its Kalb–Ramond ﬁeld strength (the latter
must clearly be gauge invariant):
AM → AM + ∂MΛ,
BMN → BMN − κ√
2
FMNΛ. (7)
Furthermore, there is an independent Kalb–Ramond gauge symme-
try, whose transformation is:
BMN → BMN + ∂[MΛN]. (8)
3. The orbifold
Let us now consider the bulk theory on an orbifold, M/Z2. M is
a smooth, 2D manifold, for instance it could have topology R2, or
T 2 being a torus or a deformed torus. We can assign the following
parities with respect to the point group Z2. For the bosonic ﬁelds
we choose:
even: gμν, gmn,ϕ, Bμν, Bmn, Aμ,Φ
1,
odd: gμm, Bμm, Am,Φ
2,Φ4, (9)
and we can re-write the internal metric as:
gmn = r
2
τ2
( −1 −τ1
−τ1 −τ 21 − τ 22
)
. (10)
For the fermions, it is useful to ﬁrst decompose the 6D complex
Weyl spinors into 4D ones as (see Appendix A for gamma matrix
conventions):
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(
ΨLμ
ΨRμ
)
,
(
ΨLm
ΨRm
)
,
λ =
(
λL
λR
)
, χ =
(
χR
χL
)
, ζ =
(
ζR
ζL
)
, (11)
and similarly for the 6D supersymmetry parameter, :
 =
(
L
R
)
. (12)
Then the corresponding fermionic parity assignments are:
even: ΨLμ,ΨRm,χR , λL, ζR , L,
odd: ΨRμ,ΨLm,χL, λR , ζL, R . (13)
Notice that, although we have arranged the ﬁelds according to how
they transform under 4D general coordinate invariance, since we
allow them to depend on both external coordinates, xμ , and in-
ternal coordinates, ym , we are not dimensionally reducing. Indeed,
the ﬁelds r, τ1 and τ2 carry all the degrees of freedom of the extra
dimensional components in the 6D metric.
At the orbifold ﬁxed points, a subset of the 6D N = 2 symme-
tries are explicitly broken. In particular, the supersymmetry trans-
formations generated by the Killing spinor R are projected out,
leaving only N = 1 supersymmetry. This is because the supersym-
metry parameter R is a continuous odd function, and thus must
be vanishing at the ﬁxed points. Part of the 6D gravitational sym-
metries are similarly broken, for example the general coordinate
transformations given by xm → xm + ξm . However, the symmetries
corresponding to N = 1 4D supergravity survive, and some addi-
tional ones. These include part of the U (1) gauge symmetries (7)
and Kalb–Ramond gauge symmetries (8), since ∂μΛ and ∂[5Λ6] are
non-vanishing on the brane.
In the interests of simplicity we shall further assume that the
odd bulk ﬁelds, internal derivatives of even ﬁelds and internal
derivatives of odd ﬁelds are vanishing at the brane positions (un-
less the symmetries require otherwise).2 In the absence of brane
sources, the ﬁrst two of our conditions would be consequences of
the orbifold parity symmetry, but couplings to brane sources may
induce discontinuities, in the presence of which odd ﬁelds can be
non-trivial at the ﬁxed points [16]. With our assumptions, there-
fore, we will not obtain the most general couplings between bulk
and brane ﬁelds. We will, however, be able to couple general brane
ﬁelds.
One other comment on our constraints is in order, which is that
they also limit the possible background solutions that can be stud-
ied. The constraint that ∂mgμν = 0 at the branes excludes some
warp factors, but those typically encountered in 6D brane world
models [17–19] are allowed.
4. Bulk theory at the branes
At the ﬁxed points, the symmetries of 4D N = 1 supergravity
survive. Therefore, the ﬁelds there assemble into on-shell N = 1
supermultiplets. For instance, the 4D scalars organize into complex
scalar components of N = 1 chiral supermultiplets as S = 12 (s+ ia),
T = 12 (t + ib), U = 12 (τ2 + iτ1), Z = Φ1 + iΦ3 [9,20], where we
deﬁned the scalars s = r2eϕ and t = r2e−ϕ , and the pseudo-scalars
a,b via:
2 One might wonder if the resulting dynamical problem is mathematically well-
posed. For example, in the 2D Cauchy Boundary Problem, both Dirichlet and Neu-
mann boundary conditions are required. Recall, however, that our branes have
codimension two and do not represent boundaries in the internal dimensions, but
points. We shall leave these formal issues aside.Gμνρ = r
−4e−2ϕ√
2
μνρλ∂
λa,
∂μb = 1√
2
∂[μB 5˙6˙]. (14)
Here, μνρσ is the 4D Levi-Civita tensor. Notice that we kept in-
ternal derivatives of the odd Kalb–Ramond ﬁeld components, since
we must ensure invariance under the surviving parts of the Kalb–
Ramond gauge symmetry (8). They do not however carry indepen-
dent physical degrees of freedom. The fermionic components of
the chiral supermultiplets will be given by three linear combina-
tions of the fermions ΨRm and χR as:
ψ S = r
3/2eϕ
2
(χR + ΨR5˙ − iΨR6˙),
ψ T = r
3/2e−ϕ
2
(−χR + ΨR5˙ − iΨR6˙),
ψU = r
−1/2τ2
2
(ΨR5˙ + iΨR6˙) (15)
and:
ψ Z = − (1− |Z |
2)
2r1/2
ζR . (16)
Meanwhile, Aμ and λL make up an N = 1 vector multiplet. We
will now observe all this from the SUSY transformations.
Consider how the fermions at the branes transform under the
N = 1 supersymmetry that survives. We write the corresponding
supersymmetry parameter as:
 =
(
L(x)
0
)
. (17)
It is a straightforward if laborious exercise to then rewrite the
transformations (5) in terms of 4D ﬁelds deﬁned above. Remem-
ber that at the branes the odd ﬁelds and internal derivatives of
odd and even ﬁelds vanish.
At the same time, we Weyl rescale to the 4D Einstein frame,
taking gμν → r−2gμν . Diagonalizing the gravitino kinetic term,
we ﬁnd that the effective 4D gravitino on the brane is the lin-
ear combination ψLμ = ΨLμ + 12ΓμΓ mΨRm . Moreover, we perform
the following chiral rotations on the fermions, in order to obtain
canonical kinetic terms; ψLμ → ψLμ/r1/2 and λL → r3/2eϕ/2λL , to-
gether with L →
√
2L/r1/2. We also ﬁnd it convenient to scale
out the volume factor in the internal metric, gmn → r2gmn .
After some beautiful cancellations, we ﬁnd the following:
δψLμ = 2DμL + i
2
(
∂μa
s
+ Dμb
t
+ ∂μτ1
τ2
)
L
+ 1
1− |Z |2 (Z Dμ Z¯ − Z¯ DμZ)L,
δλL = −1
2
Fμνγ
μνL + i 2g
s
|Z |2
1− |Z |2 L,
δψ S = −i∂μSγ μL,
δψ T = −i∂μTγ μL,
δψU = −i∂μUγ μL,
δψ Z = −iDμZγ μL, (18)
where the complex scalar, Z , has charge +1 with respect to the
U (1) gauge symmetry and so:
DμZ = ∂μZ − ig AμZ . (19)
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the bulk Lagrangian evaluated at the brane positions, fall naturally
within the general structure of 4D N = 1 supergravity developed
in [1]. Indeed, at the branes, the bulk Lagrangian can be moulded
into the form:
LB |b = e4
[
−1
2
R(4) + Ki j¯ Dμφi Dμφ¯ j¯ −
1
4
Re HFμν F
μν
− 1
8
(Re H)−1
(
KiT
i
jφ
j + h.c.)2 + fermions], (20)
where e4 and R(4) are the volume tensor density and Ricci scalar
associated with the 4D metric gμν . We have written the scalar
components of the N = 1 chiral supermultiplets as φ i = S, T ,U , Z ,
and the Kähler potential is:
K = − log(T + T¯ ) − log(S + S¯) − log(U + U¯ )
− 2 log(1− Z Z¯). (21)
Playing its role in the component Lagrangian, K is a function of
the scalar ﬁelds, and as usual, subscripts on K indicate deriva-
tives with respect to the corresponding complex scalar. The gauge
kinetic function, again a function of the scalar ﬁelds, can be iden-
tiﬁed as H = 2S . Finally, the last term in the bosonic Lagrangian
takes the (on-shell) form of a D-term potential due to the charged
scalar. The supersymmetry transformations similarly fall into the
template of [1]:
δψLμ = 2DμL − 1
2
(
KiDμφ
i − Ki¯ Dμφi
)
L,
δλL = −1
2
Fμνγ
μνL + i
2
(Re H)−1
(
KiT
i
jφ
j + h.c.)L,
δψ i = −iDμφiγ μL . (22)
5. Bulk–brane couplings
Having written the bulk theory at the brane in the standard
form of on-shell 4D N = 1 supergravity, we can immediately cou-
ple any collection of on-shell 4D N = 1 brane ﬁelds localized at
the ﬁxed points, ym = ymb . This is because the general couplings in
4D N = 1 supergravity have long been well understood, and these
are the symmetries to be obeyed at the ﬁxed points. Indeed, the
total Lagrangian at the ﬁxed points, with contributions from the
bulk and the brane ﬁelds, must take the form:
LB |b + Lbδ(2)(0) = e4
[
−1
2
R(4) + Ki j¯ Dμφi Dμφ¯ j¯
− 1
4
Re H(a)F
(a)
μν F
(a)μν
− VD − V F + fermions
]
(23)
where now φi and A(a)μ include any brane ﬁelds as well as the
bulk ﬁelds above, and we formally keep track of the localization
with delta-function distributions δ(2)(ym − ymb ) ≡ δ(y5 − y5b)δ(y6 −
y6b), where the superscript
(2) indicates that we have 2D delta-
functions. In the Lagrangian, there is a sum over gauge indices (a),
and the D-term potential is written as:
VD = 1
8
(Re H(a))
−1(KiT(a)ij φ j + h.c.)2. (24)
We saw above that it may already have non-trivial contributions
at the classical level from the bulk. There may be further contri-
butions to the scalar potential from the brane ﬁelds, to the D-termpotential and to an F-term potential, which we write in terms of
the superpotential, W (a function of the scalar ﬁelds), as:
V F = eK
(
K i j¯ DiW D j¯ W¯ − 3|W |2
)
. (25)
The supersymmetry transformations at the brane positions are
similarly the standard ones of 4D N = 1 supergravity. For the
fermions, we have:
δψLμ = 2DμL − 1
2
(
KiDμφ
i − Ki¯ Dμφi
)
L − eK/2WγμL,
δλ
(a)
L = −
1
2
F (a)μνγ
μνL + i
2
(Re H)−1
(
KiT
(a)i
j φ
j + h.c.)L,
δψ i = −iDμφiγ μL − eK/2K i j¯ D j¯W L, (26)
and this clearly includes new terms, with respect to the original
bulk transformations, depending on the brane ﬁelds.
Let us discuss two simple explicit examples, to illustrate the
generality of the scheme. First, consider a brane localized chiral su-
permultiplet, (Q ,ψQ ), with charge +1 under the bulk U (1) gauge
symmetry and a canonical kinetic term. The total Lagrangian at the
brane positions takes the form (23), with:
K = − log(T + T¯ ) − log(S + S¯) − log(U + U¯ )
− 2 log(1− Z Z¯) + Q Q¯ δ(2)(0),
H = 2S and W = 0. (27)
Thus, the Lagrangian for the brane ﬁelds is given explicitly by:
Lb = e4
[
gμνDμQ Dν Q¯ − 1
2s
g2|Q |4δ(2)(ym − ymb )
− 2g
2
s
|Q |2 |Z |
2
1− |Z |2 + fermions
]
, (28)
and we see that gauge invariance and local N = 1 supersymmetry
requires the charged brane ﬁelds to couple not only to gμν and
Aμ but also to s and Z . It is also easy to observe from (26) that
there are new brane localized ﬁeld contributions to the supersym-
metry transformations of bulk ﬁelds, ψLμ and λL (there are also
new brane localized contributions to δψLμ , δλL and δψ i at bilin-
ear order in the fermions, as can be read from the text-books).
Take care that we have written the above couplings in terms of
the Weyl rescaled metric, corresponding to the 4D Einstein frame.
It is in this frame that the bulk Lagrangian at the brane posi-
tion takes the standard 4D N = 1 form. If we want the couplings
in terms of the original 6D Einstein frame we must perform the
inverse rescaling, which leads to a further coupling between the
brane ﬁelds and bulk ﬁeld r.
The total Lagrangian is clearly invariant (up to total derivatives
and the ﬁeld equations) under the 6D N = 2 local supersymme-
tries, with the brane localized ﬁelds transforming only under the
4D N = 1 subset. In detail, the Lagrangian and supersymmetry
transformations are each composed of two parts; the original bulk
supergravity interactions and the brane localized ones. The origi-
nal supersymmetry variations of the bulk Lagrangian clearly cancel,
since they are those of 6D N = 2 supergravity. The new brane
localized contributions to the variation of the Lagrangian, which
arise both due to new terms in the Lagrangian and the supersym-
metry transformations, are by construction within the form of 4D
N = 1 supergravity with general matter couplings. So they cancel
too. We have checked this explicitly for our simple example. There-
fore, the total action:
SB + Sb (29)
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Sb =
∫
d6xLbδ(2)
(
ym − ymb
)
, (30)
is invariant under the full 6D N = 2 symmetries, with the brane
ﬁelds Q ,ψ Q transforming only under a 4D N = 1 subset of them.
Moreover, it also follows easily that the supersymmetry algebra
closes up to the ﬁeld equations. Observe again that the new brane
localized terms that we have added in the supersymmetry trans-
formations and ﬁeld equations correspond to standard interactions
in 4D N = 1 supergravity. When computing the commutators of
the supersymmetry transformations on the various ﬁelds, we ob-
tain purely bulk contributions and new brane localized contribu-
tions. Applying the equations of motion introduces further bulk
and brane localized contributions. Finally, putting together all the
terms, the bulk contributions close exactly as in 6D N = 2 super-
gravity, and the brane localized contributions close exactly as in
4D N = 1 supergravity.
Notice the presence of a singular, delta-function squared term
in the action, which is required for the invariance of the action
under the supersymmetry transformations, and which is typical
in supersymmetric scenarios with localized ﬁelds (see e.g. [3,4,6,
7,9–11,21,25]). We shall discuss this a little more in our closing
remarks.
As a second example, let us consider pure 6D N = 2 supergrav-
ity in the bulk, and introduce a brane localized U (1) gauge multi-
plet, (Aμ,λ), and a charged brane chiral supermultiplet, (Q ,ψQ ).
We allow the complex scalar Q to have a kinetic coupling to the
bulk complex ﬁeld, T . This model will allow us to compare our
construction with the example worked out in the literature via the
Noether method [9]. It will prove convenient to redeﬁne the scalar
component of the chiral supermultiplet, T , at the brane as:
T = t + |Q |2δ(2)(0) + ib. (31)
Notice that this implies a brane localized ﬁeld contribution to the
fermion ψ T :
ψ T = r
3/2e−ϕ
2
(−χR + ΨR5˙ − iΨR6˙)
+ (Q¯ ψ Q + Q ψ Q¯ )δ(2)(0). (32)
The total Lagrangian at the brane can be chosen such that:
K = − log(T + T¯ − 2|Q |2δ(2)(0))− log(S + S¯) − log(U + U¯ ),
H = 1δ(2)(0) and W = 0. (33)
Then, the subsequent component Lagrangian for the brane ﬁelds is
given explicitly by:
Lb = e4
[
eϕDμQ D
μ Q¯ − i
2
e2ϕDμb
(
Q Dμ Q¯ − Q¯ DμQ )
− 1
4
e2ϕr−2(Q Dμ Q¯ − Q¯ DμQ )
× (Q Dμ Q¯ − Q¯ DμQ )δ(2)(ym − ymb )
− 1
4
Fμν F
μν − 1
2
e−2ϕ g2|Q |4 + fermions
]
, (34)
where DμQ = ∂μQ + ig AμQ , and here we have re-Weyl rescaled
back to the 6D Einstein metric.
The ﬁnal result for the total action, SB + Sb , agrees with the
one found in [9].3 Moreover, it is now easy to complete the theory
3 Indeed we can correct a typo there in Eq. (8), where the brane current should
read jμ = i√ (Q¯ DμQ − Dμ Q¯ Q ) + fermions.2up to four fermion terms, and to show that the bulk plus brane
action does indeed have all the required symmetries: 6D N = 2 in
the bulk, 4D N = 1 on the brane.
6. Conclusions
The idea that ﬁelds may be localized on a brane has played
an important role in many aspects of fundamental high energy
physics and cosmology for more than a decade. However, building
explicit, detailed models which realize this idea remains techni-
cally challenging, especially within the well-motivated framework
of supergravity. In the present letter, we have shown how to con-
struct bulk plus brane actions which incorporate the symmetries
of 6D N = 2 supergravity away from the branes and 4D N = 1 su-
pergravity at the brane positions. The power of our approach is
that we do not need to enter into extremely lengthy and messy
computations to check the supersymmetry invariance and closure
of the algebra each time we add new brane localized ﬁelds and
interactions. Instead, one can simply write down N = 1 preserv-
ing interactions between the bulk supergravity and brane localized
ﬁelds because the general matter couplings for 4D N = 1 super-
gravity are known, and the bulk theory at the brane positions can
be recast into that form.
It is this latter step that represents the technical challenge in
our proposal, and we reduce it by making some simplifying as-
sumptions for the behaviour of bulk ﬁelds at the branes, including
that the internal derivatives are vanishing there. We are still able
to couple general brane ﬁelds to the bulk theory, e.g. it becomes
very easy to extend the model of Ref. [9], ﬁrst constructed by the
Noether method. However, it would certainly be interesting to re-
lax those assumptions, to allow the most general bulk–brane cou-
plings possible. Of course, in principle, it should indeed be possible
and interesting to rewrite the whole 6D N = 2 bulk theory keep-
ing only the N = 1 supersymmetries manifest (see [8] for some
ﬁrst steps).
Our focus has been on the bosonic part of the action and its
fermionic supersymmetry transformations, since this is most inter-
esting part. The completion to the fermionic action and bosonic
transformations is of course guaranteed by supersymmetry, and
can be read from the text-books. At the same time, our analysis
has been entirely classical. At the quantum level, there are generi-
cally gauge anomalies in the bulk and on the brane, as well as bulk
gravitational anomalies, and these provide restrictions on the bulk
and brane matter contents.
The results presented allow us to build ﬁeld theory models de-
scribing, for example, the low energy dynamics of orbifold string
compactiﬁcations. For instance, our construction is rich enough to
build supergravity realizations of the orbifold-GUT models in [13].
Orbifold string compactiﬁcations have proved remarkably success-
ful in the quest for a fundamental origin of the MSSM [22], but
their dynamical aspects remain to be understood. Refs. [23,24] sug-
gest that a non-trivial dynamics for the brane localized ﬁelds may
help in stabilizing the bulk moduli, using a toy globally super-
symmetric 6D model. We may now study such issues taking into
proper account the consequences of dynamical gravity.
As was to be expected from previous work (starting with [21]),
our supergravity actions describing the brane localized ﬁelds suffer
from the presence of delta-function squared terms, which are in-
deed required by supersymmetry. It is generally believed that such
singularities would be resolved in a full quantum gravity treat-
ment. At the same time, we can pragmatically try to live with them
within the effective ﬁeld theory [21] (see [3] for a useful represen-
tation of them). For example, we expect them to play an important
role in the cancellation of divergences ensured by supersymme-
try [3]. This was shown explicitly for a global 5D model in [3,25],
136 S.L. Parameswaran, J. Schmidt / Physics Letters B 696 (2011) 131–137and also for a 5D supergravity model in [7]. It would furthermore
be important to develop techniques to construct non-trivial back-
ground compactiﬁcations and subsequent low energy 4D effective
ﬁeld theories, despite these singularities. For recent work on the
backreaction of codimension-two branes in the absence of brane
matter see [26]. Finally, for some insights regarding the subtleties
of supersymmetry in singular spaces, we refer to [27].
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Appendix A. Conventions
Our signature is mostly minus and we take MTW conventions
for the curvature tensors. 6D spacetime coordinates are XM , 4D
ones are xμ and 2D ones ym . Tangent space indices are, respec-
tively, A, B, . . .; α,β, . . . and a,b, . . . = 5˙, 6˙.
We build the 4D gamma matrices from the Pauli matrices,
σ 1 =
(
0 1
1 0
)
, σ 2 =
(
0 −i
i 0
)
, σ 3 =
(
1 0
0 −1
)
,
(A.1)
as follows:
γ 0 =
(
0 12
12 0
)
, γ i =
(
0 σ i
−σ i 0
)
,
γ 5 =
(−12 0
0 12
)
. (A.2)
In turn, the 6D gamma matrices are:
Γ α =
(
γ α 0
0 γ α
)
, Γ 5˙ =
(
0 iγ5
iγ5 0
)
,
Γ 6˙ =
(
0 γ5
−γ5 0
)
, (A.3)
with the chirality matrix
Γ7 =
(
γ5 0
0 −γ5
)
. (A.4)
The 2D Levi-Civita tensor density is ab , with 5˙6˙ = 1.
Appendix B. Hyper target geometry
The hyperscalars in N = 2 6D supergravity coordinatize a
quaternionic manifold, and we shall take as a canonical example
the manifold Sp(1,1)Sp(1)×Sp(1)R . The geometry of this class of manifolds
is described in detail in [28]. With our four hyperscalars, we can
compose a quaternion, t = Φ11+Φ2i+Φ3j+Φ4k, where we have
introduced the following 2× 2 basis for the quaternions:
i =
(−i 0
0 i
)
, j=
(
0 −1
1 0
)
,
k=
(
0 −i
−i 0
)
, 1=
(
1 0
0 1
)
. (B.1)
The Sp(1)R spin-connection and vielbein are given in terms of the
quaternion by:W i jα = 12γ
−2(∂αt†t − t†∂αt),
V aiα = γ −1
(
I − tt†)−1/2∂αt. (B.2)
The target manifold metric is then given explicitly by:
gαβ = 2
1− |Φ|2 δαβ, (B.3)
with the shorthand |Φ|2 = (Φ1)2 + (Φ2)2 + (Φ3)2 + (Φ4)2. Mean-
while, we choose the hypermultiplet to be charged under the bulk
U (1) gauge symmetry, such that the Killing vector ξα = (TΦ)α is:
ξα =
⎛
⎜⎜⎜⎝
−Φ3
Φ4
Φ1
−Φ2
⎞
⎟⎟⎟⎠ . (B.4)
The Killing prepotentials are then given by:
P xTxi j ≡ P ij = g |Φ|
2
1− |Φ|2
(
0 1
−1 0
)
. (B.5)
Using TrTxTy = − 12 δxy , we ﬁnd that the 6D scalar potential func-
tion is:
v(Φ) = 4g2 |Φ|
4
(1− |Φ|2)2 . (B.6)
Appendix C. Fermionic action and bosonic SUSY transformations
The fermionic part of the action for minimal 6D supergravity,
to bilinear order, is:
S F =
∫
d6X e6
[
−1
2
iΨ¯MΓ
MNPDNΨP + 1
2
iχ¯Γ MDMχ
+ 1
2
iλ¯Γ MDMλ + 1
2
iζ¯ aΓ MDMζa
× 1
4
χ¯Γ NΓ MΨN∂Mϕ + 1
2
Ψ¯ iMΓ
NΓ Mζ aVαai DNΦ
α
− κ
48
√
2
ieϕGMNP
(−χ¯Γ MNPχ + λΓ MNPλ + ζ¯ aΓ MNPζa
− Ψ¯ LΓ[LΓ MNPΓS]Ψ S + 2iΨ¯LΓ MNPΓ Lχ
)
+ κ
8
ieϕ/2F P Q
(
Ψ¯MΓ
PQΓ Mλ − iχΓ PQλ)
× e−ϕ/2iκ−1
√
1
2
(
Ψ¯MΓ
MT xλCx
+ iχ¯ T xλCx + 2iζ aλi Vαaiξα
)]
. (C.1)
Meanwhile, the supersymmetry transformations for the bosonic
ﬁelds, up to fermion bilinears, are:
δeAM = −i
κ√
2
¯Γ AΨM ,
δϕ = κ√
2
¯χ,
δBMN = −1
2
ie−ϕ(¯ΓMΨN − ¯ΓNΨN − i¯ΓMNχ)
+ √2κ A[MδAN],
δAM = −
√
1
2
ie−ϕ/2¯ΓMλ,
δΦα = − κ√
2
V αai ¯
iζ a. (C.2)
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Here, we write down the decomposition of the bulk curvature
tensors and connections, which appear in the intermediate steps
of our calculations. Recalling the Weyl rescalings, we decompose
the 6D metric as:
gMN =
(
r−2gμν 0
0 r2gmn
)
, (D.1)
with the corresponding vierbiens, eαμ and
eam =
(− 1√
τ2
0
− τ1√
τ2
√
τ2
)
. (D.2)
The relevant components of the 6D spin-connection, ωABM , are
then:
ω
αβ
μ = ωαβμ
[
eαμ
]+ eνβeαμ∂νr−1 − eναeβμ∂νr−1,
ωαbμ = internal derivatives of r,
ω5˙6˙μ = −ω6˙5˙μ =
∂μτ1
2τ2
,
ω
αβ
m = 0,
ωαam = reμα
⎛
⎝ −
∂μτ2
2τ 3/22
− ∂μτ1
2τ 3/22
τ2∂μτ1−τ1∂μτ2
2τ 3/22
− τ1∂μτ1+τ2∂μτ2
2τ 3/22
⎞
⎠+ eμαeamr∂μr,
ω5˙6˙5 = −ω6˙5˙5 = internal derivatives of r, τ1, τ2,
ω5˙6˙6 = −ω6˙5˙6 = internal derivatives of r, τ1, τ2. (D.3)
Subsequently, the 6D Ricci scalar decomposes as:
R = r2R(4)[gμν ] − 1
2τ 22
gμν∂μτ2∂ντ2 − 1
2τ 22
gμν∂μτ1∂ντ1
− 1
r4
gμν∂μr
2∂νr
2 + internal derivatives of r, τ1, τ2. (D.4)
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